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Let F i−→ E p−→ B be a ﬁbration, ρ : F × ΩB → F the holonomy action of this ﬁbration and
∂ :ΩB → F the connecting map. It is shown that if the ﬁbre F admits an H-structure ν
such that ρ  ν ◦ (1× ∂) (principal ﬁbrations of all kinds satisfy such a condition), then i is
a monomorphism if and only if it is weak monomorphism, the latter is equivalent to that
Ωp has a homotopy right inverse Γ . If in addition Γ is an H-map, then ΩE has the same
H-type as ΩB × Ω F .
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The question of product decompositions up to homotopy X  Y × Z for an H-space X has been well investigated over
the last several decades (for a survey, see [1]). However, when Y and Z are also H-spaces (e.g., Y , Z have H-structure
determined by the retraction off X ), the homotopy equivalence X  Y × Z may be just on the level of spaces, not be an
H-map, cf. [19, p. 736]. The problem of H-splittings for an H-space is much less understood.
Deﬁnition 1.1. Let X , Y and Z be H-spaces and f : Y → X , g : Z → X be H-maps. We say that μ ◦ ( f × g) : Y × Z → X is an
H-splitting (or X has the same H-type as Y × Z ) via μ ◦ ( f × g), if μ ◦ ( f × g) is a homotopy equivalence and an H-map,
where μ is the multiplication in X . If there exist such f and g , we say that X  Y × Z is an H-splitting.
If there exist H-maps u : X → Y , v : X → Z such that (u, v) : X → Y × Z is a homotopy equivalence and an H-map, we
also say that X  Y × Z is an H-splitting.
In this paper, we shall restrict our attention exclusively to the problem of H-splitting of the ﬁbration Ω F Ω i−−→
ΩE
Ωp−−→ ΩB obtained by looping a ﬁbration F i−→ E p−→ B , here and the future, Ω denotes the loop functor. It is well
known that if Ωp has a homotopy right inverse Γ , then μ ◦ (Γ × Ω i) :ΩB × Ω F → ΩE is a homotopy equivalence (see
[2, Sect. 5], for example), where μ is the loop multiplication in ΩE . The homotopy equivalence however is not necessarily
an H-map, the following problem is natural, which was mentioned in [19, p. 736], [7, p. 391] and [13, p. 426].
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832 L. Liu / Topology and its Applications 156 (2009) 831–839Problem 1.2. Let F i−→ E p−→ B be a ﬁbration and Γ a homotopy right inverse of Ωp. Under what conditions, μ ◦ (Γ ×Ω i) :
ΩB × Ω F → ΩE is an H-splitting?
It is easy to give counterexamples to the existence of H-splitting ΩE  ΩB × Ω F . Recall that the Hopf ﬁbration S1 →
S3 → CP1 is an induced ﬁbration, and hence we have a ﬁbration sequence
S1 → S3 → CP1 p1−−→ K (Z,2)
where K (Z,2)  CP∞ is an Eilenberg–MacLane space. Since CP1  S2, ΩK (Z,2)  S1, the natural embedding ι : S1 → Ω S2
yields a homotopy right inverse Γ of Ωp1 (cf. [5]). Therefore we have the following product decomposition on the level of
spaces
Ω S2  ΩK (Z,2) × Ω S3.
However, the above decomposition is not an H-splitting. Indeed, ΩK (Z,2) and Ω S3 are homotopy commutative, hence so
is ΩK (Z,2) × Ω S3, but Ω S2 is not homotopy commutative (cf. [13, p. 426]).
On the other hand, we can ﬁnd a number of positive results of Problem 1.2.
Theorem1.3. (Ganea [5, Theorem 1.1]) LetK denote the ﬁeldR of real numbers,C of complex numbers orH of quaternions, let q = 1,2
or 4 be the dimension of K over R, and let KPm denote the projective m-space over K. The Hopf ﬁbration Sq−1 → Sq(m+1)−1 → KPm
is induced by some map pm :KPm → Bq, where Bq is the classifying space of Sq−1 . Then for the ﬁbration Sq(m+1)−1 im−→ KPm pm−→ Bq,
we have
(i) Ωpm has a homotopy right inverse Γm, and Γm is an H-map for m 2;
(ii) for K = R or C, ΩKPm  ΩBq ×Ω Sq(m+1)−1 is an H-splitting if and only if m is odd and 3, for K = H, if m ≡ −1 (mod 24),
ΩHPm  ΩB4 × Ω S4m+3 is an H-splitting.
Theorem 1.4. (Kallel and Sjerve [13, Lemma 2.12]) Let F i−→ E p−→ B be a ﬁbration with section s. If the James brace products in this
ﬁbration vanish identically, then μ ◦ (Ωs × Ω i) :ΩB × Ω F → ΩE is an H-splitting.
Theorem 1.5. (Hilton [8, Theorem 2.4]) Let ΩY i−→ E p−→ B be the ﬁbration induced by f : B → Y from the contractible path-space
ﬁbration over Y . If f is a P -map (i.e.,Ω f  ∗ andΩp admits an H-homotopy right inverse), thenΩE  ΩB×Ω2Y is an H-splitting.
In this paper, our main result is the following:
Theorem A. (To be proven as Theorem 5.3.) Let F i−→ E p−→ B be a ﬁbration. If Ωp has an H-homotopy right inverse Γ , and F has an
H-structure ν such that ρ  ν ◦ (1× ∂), then
μ ◦ (Γ × Ω i) :ΩB × Ω F → ΩE
is an H-splitting, where ρ is the holonomy action of this ﬁbration (see Section 2), ∂ :ΩB → F the connecting map, and μ is the loop
multiplication in ΩE.
Remark 1.6. (a) In Theorem A, the requirement that ρ  ν ◦ (1× ∂) is not very harsh, since principal ﬁbrations of all kinds
satisfy such a condition (see the implication relation (Proposition 2.4) at the end of Section 2). Many authors introduced
slightly different notions of principal ﬁbrations from various points of view, see [6,14–16,11] and Section 2 below. Among
these notions of principal ﬁbration, the requirement of induced ﬁbrations is the strongest, and Ganea’s principal ﬁbration is
the weakest (for a detailed review, see [11]).
(b) For a ﬁbration F i−→ E p−→ B , if p has a homotopy right inverse s, then Ωs is an H-homotopy right inverse of Ωp.
Even in the case that F i−→ E p−→ B is a principal ﬁbration or an induced ﬁbration, the map p itself might not admit
a homotopy right inverse while the map Ωp does, see Examples 6.6, 6.7 below.
(c) Theorem A does not require i to map Ω F into the center of ΩE , the arguments of Lemma 2.3, Theorem 2.4 of [8]
cannot, in general, be extended to prove Theorem A. In fact, the proof of Theorem A uses Theorem B below as an essential
ingredient, and depends heavily on the results in [7]. We would like to mention that the deﬁnition of principal ﬁbration in
the sense of Ganea does not require the condition “i maps Ω F into the center of ΩE” either, however, such a condition is
necessary for F i−→ E p−→ B being an induced ﬁbration (cf. [6,11]).
Recall that a map f : X → Y is a (homotopy) monomorphism if, for any space Z and any two maps u, v : Z → X ,
f ◦ u  f ◦ v implies u  v . The monomorphicity of a map is a weaker condition than the existence of a homotopy left
inverse of the map. We say that f is a weak monomorphism if f ◦u  ∗ implies u  ∗ for any u. In general, weak monomor-
phisms are genuinely weaker than monomorphisms. There are some intrinsic characterizations of weak monomorphism (see
Lemma 3.1 below), on the other hand, it is diﬃcult to produce nontrivial examples of monomorphism. Then it is sometimes
important to know whether a weak monomorphism is a monomorphism under some suitable assumptions.
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ρ  ν ◦ (1 × ∂), where ρ is the holonomy action of this ﬁbration, ∂ the connecting map, then i is a monomorphism if and only if
it is a weak monomorphism.
Since principal ﬁbrations in the sense of all kinds satisfy the condition that the ﬁbre admits an H-structure ν such that
ρ  ν ◦ (1× ∂) (see the implication relation in Proposition 2.4), Theorem A implies immediately
Corollary 1.7. Let F i−→ E p−→ B be a principal ﬁbration in the sense of Ganea or an H-ﬁbration in the sense of Meyer. If Ωp admits an
H-homotopy right inverse Γ , then μ ◦ (Γ × Ω i) :ΩB × Ω F → ΩE is an H-splitting.
Remark 1.8. (a) Comparing Theorem 1.5 with Corollary 1.7, the former requires that F i−→ E p−→ B is an induced ﬁbration,
the latter only requires that F i−→ E p−→ B is a principal ﬁbration. Thus Theorem A (Corollary 1.7) improves that of Hilton,
cf. Example 6.4 and Remark 6.5 below.
(b) A classical problem in homotopy theory is deciding when a given ﬁbration F i−→ E p−→ B is ﬁbre homotopy equivalent
to an induced ﬁbration. If (F , ν) is an associative H-space which acts on E , then ρ  ν ◦ (1 × ∂) shows that the ﬁrst
obstruction to this ﬁbre homotopy equivalence is zero [15,16]. In general, a ﬁbration F i−→ E p−→ B in which F acts on E
and no further conditions are required is called an A1-principal ﬁbration (e.g., Meyer’s H-ﬁbration), if the action of F
on E is homotopy associative, the ﬁbration is A2-principal, An-principal ﬁbrations require higher associativities (for details,
see [15, p. 287]). F i−→ E p−→ B is an induced ﬁbration if and only if E admits an A∞-action of ΩB [15, Theorem 1.6]. At the
end of [14], Meyer said that it would be of interest to ﬁnd general conditions under which a Meyer’s H-ﬁbration is also an
induced one.
Recall that the nilpotency of a based space Y is deﬁned as
nil Y = supnil[X,ΩY ]
where the supremum is taken over all based spaces X , [X,ΩY ] is the group of based homotopy classes of maps X → ΩY
with multiplication induced by loop multiplication. Note that nil Y = 0 if and only if ΩY is contractible, and nil Y  1 if and
only if ΩY is homotopy commutative, and nil(A × B) =max{nil A,nil B}. The second direct corollary of Theorem A is
Corollary 1.9. Under the assumptions of Theorem A, if ΩB is not contractible, then nil E = nil B.
Let G be a topological group and EmG the (m + 1)-fold join of G , let BmG = EmG/G , q : EmG → BmG be the natural
projection, and let BG = lim−→ BmG , rm : BmG → BG the natural inclusion. It is well known that the triple EmG
q−→ BmG rm−−→ BG
may be treated as a ﬁbration.
As an example of the H-splitting in Theorem A, we give the following
Proposition C. (To be proven as Proposition 6.3.) Let {p j, X j, f j} be a Moore–Postnikov factorization of rm : BmG → BG (m 2). If G
is (n − 1)-connected (n 1), then for j m(n + 1) + 2n − 1, there exist H-splittings
Ω X j  ΩBG × Ω F j  G × Ω F j .
All spaces in this paper have the homotopy type of connected countable CW complexes and have a base point denoted
by ∗, and all maps and homotopies are assumed to preserve base points. The constant map is also denoted by ∗, and the
identity map by 1.
2. Preliminaries
First recall the notions of Meyer’s H-ﬁbration and Ganea’s principal ﬁbration.
Deﬁnition 2.1. (Meyer [14]) A ﬁbration F i−→ E p−→ B is said to be an H-ﬁbration in the sense of Meyer if there exist a map
m : F × E → E and a homotopy Ht : F ∨ E → E such that the diagram
F × E m
1×p
E
p
F × B p
′
B
is strictly commutative and H0 =m ◦ j, H1 = 
◦ (i ∨ 1), p ◦ Ht(F ∨ F ) = ∗, where j is the inclusion F ∨ E → F × E , 
 is the
folding map E ∨ E → E , and p′ is the obvious projection.
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maps ν and m such that the diagram
F × F
ν
i×1
E × F
m
p×∗
B × ∗
F
i
E
p
B
is strictly commutative and ν is an H-structure on F .
In the deﬁnition of Meyer’s H-ﬁbration, taking ν = m|F×F , it is easy to see that Ht |F∨F is a homotopy between ν|F∨F
and the folding map 
 : F ∨ F → F . Hence an H-ﬁbration in the sense of Meyer is a principal ﬁbration in the sense of
Ganea.
As is well known, every map f : X → B can be converted into a homotopy equivalent ﬁbration F i−→ E p−→ B , where
E = {(x, l) ∈ X × B I : f (x) = l(0)},
p(x, l) = l(1),
F = p−1(∗) = {(x, l) ∈ X × B I : l(0) = f (x), l(1) = ∗}.
In this ﬁbration, the connecting map ∂ :ΩB → F is given by ∂(ω) = (∗,ω). If f : X → B is already a ﬁbration, then the maps
p : E → B and f : X → B have the same ﬁbre homotopy type.
We deﬁne the holonomy action of the ﬁbration F i−→ E p−→ B as follows (cf. [20, p. 140] or [9, Prop. 11.6]):
ρ : F × ΩB → F , ρ((x, l),ω) = (x,ω ◦ l),
for other expressions of ρ , see [7] and [12]. The map ρ expresses ΩB as an operator on F [9, Prop. 11.3]. It is easy to see
that the connecting map ∂ = ρ|∗×ΩB .
Lemma 2.3. (Ganea [6, Lemma 2.1]) If F i−→ E p−→ B is a principal ﬁbration in the sense of Ganea, then ρ  ν ◦ (1× ∂), where ρ is the
holonomy action of this ﬁbration, ∂ the connecting map, and ν the H-structure in F .
Then we have obtained the following implication relations (cf. [11]):
Proposition 2.4.
Induced ﬁbration ⇒ Meyer’s H-ﬁbration
⇒ Ganea’s principal ﬁbration
⇒ the multiplication ν in F satisﬁes ρ  ν ◦ (1× ∂).
3. Homotopy monomorphism
For a ﬁbration F i−→ E p−→ B , if p is a weak monomorphism, then i  ∗, since p ◦ i  ∗. Conversely, if i is null homotopic,
we see from the exact sequence
[Z , F ] i∗−→ [Z , E] p∗−−→ [Z , B]
that p is a weak monomorphism, where [Z , F ] is the set of based homotopy classes of maps Z → F . Observing further the
exactness of the ﬁbration sequence of a map, we have
Lemma 3.1. ([3, Lemma 1]) For the ﬁbration sequence of a map f : X → Y ,
· · · → Ω X Ω f−−→ ΩY ∂−→ F i−→ X f−→ Y ,
the following statements are equivalent:
(i) f is a weak monomorphism;
(ii) i is null homotopic;
(iii) ∂ admits a homotopy right inverse;
(iv) Ω f admits a homotopy left inverse;
(v) the ﬁbration Ω X → ΩY → F is homotopically trivial.
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we work in the pointed homotopy category (cf. [10, p. 354]).
By virtue of the holonomy action ρ : F × ΩB → F , for any pointed space X , [X,ΩB] acts as a group of operators on the
set [X, F ] as follows (cf. [9, Chapter 15] or [20, p. 140]): for any α ∈ [X, F ], ξ ∈ [X,ΩB], deﬁne
αξ = {ρ ◦ (α × ξ) ◦ } ∈ [X, F ] (1)
where  : X → X × X is the diagonal map.
Proof of Theorem B. The necessity is obvious. To prove i is a monomorphism, it is suﬃcient to check that the induced
function i# : [X, F ] → [X, E] between the homotopy sets is injective for all spaces X . Consider the ﬁbration sequence of
i : F → E:
· · · → Ω F Ω i−−→ ΩE Ωp−−→ ΩB ∂−→ F i−→ E.
Since i is a weak monomorphism, we know from (i), (ii) of Lemma 3.1 that ∂  ∗.
For any α,β ∈ [X, F ], i#(α) = i#(β) if and only if there exists a ξ ∈ [X,ΩB] such that α = βξ (cf. [9, Theorem 15.4′]
or [20, p. 140]). Let “+” denote the operation in [X, F ] induced by the H-structure in F . Then we have
ν ◦ (β × (∂ ◦ ξ)) ◦   β + ∂∗(ξ). (2)
Therefore
α = βξ
 ρ ◦ (β × ξ) ◦  by (1)
 ν ◦ (1× ∂) ◦ (β × ξ) ◦  by ρ  ν ◦ (1× ∂)
= ν ◦ (β × (∂ ◦ ξ)) ◦ 
 β + ∂∗(ξ) by (2)
= β since ∂  ∗.
This completes the proof of Theorem B. 
From Proposition 2.4 and Theorem B, the following corollary is immediate
Corollary 3.2. Let F i−→ E p−→ B be a principal ﬁbration in the sense of Ganea (or an H-ﬁbration in the sense of Meyer), then i is
a monomorphism if and only if it is a weak monomorphism.
We say that the holonomy action ρ : F × ΩB → F is trivial if it is homotopic to the projection π : F × ΩB → F . It is
obvious that ρ is trivial if and only if αξ = α for any space X and any α ∈ [X, F ], ξ ∈ [X,ΩB]. Ganea [4] proved that for
a ﬁbration F i−→ E p−→ B , i is a monomorphism if and only if the holonomy ρ of this ﬁbration is trivial. Combining these
results, we have
Corollary 3.3. Let F i−→ E p−→ B be a ﬁbration. If F admits an H-structure ν such that ρ  ν ◦ (1× ∂), then the following statements
are equivalent:
(i) ρ is trivial;
(ii) αξ = α for any space X and any α ∈ [X, F ], ξ ∈ [X,ΩB];
(iii) i is a monomorphism;
(iv) i is a weak monomorphism.
4. Recognition of H -maps
The contents of this section follow [4, Sect. 2], [7, Sect. 2] word for word.
The join X ∗ Y of two pointed spaces X and Y is taken as a quotient space of X × I × Y by identiﬁcation relation:
(x,0, y) ∼ (x′,0, y), (x,1, y) ∼ (x,1, y′); its points are denoted by (1− s)x⊕ sy and 12∗ ⊕ 12∗ serve as base-point.
Let F i−→ E p−→ B be a ﬁbration. Consider the Hopf construction associated with holonomy ρ:
H(ρ) : F ∗ ΩB V−→ Σ(F × ΩB) Σρ−−→ Σ F
where Σ is the reduced suspension functor and V ((1 − s)x ⊕ sω) = 〈s, (x,ω)〉 (see [4, p. 150]). Since the Hopf construc-
tion H(π) of the projection π : F × ΩB → F is null homotopic, we have (cf. Section 2):
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Let W :ΩE ∗ Ω F → F be the universal relative Whitehead product associated a ﬁbration F i−→ E p−→ B . We refer the
reader to Ganea’s paper [7, 2.3, 2.6, 2.12, 2.13] for detailed deﬁnition and applications of the relative Whitehead product. It is
well known that if Ωp admits a homotopy right inverse Γ , then μ ◦ (Γ × Ω i) is a homotopy equivalence (see [2, Sect. 5],
for example), where μ is the loop multiplication in ΩE . If in addition Γ is an H-map, we want to know whether the
homotopy equivalence μ ◦ (Γ × Ω i) is an H-map. As will be shown below, Ganea exhibited an obstruction to μ ◦ (Γ × Ω i)
being an H-map in terms of the composite
φ :ΩB ∗ Ω F Γ ∗1−−−→ ΩE ∗ Ω F W−−→ F .
Proposition 4.2. ([7, Prop. 2.12]) Let F i−→ E p−→ B be a ﬁbration with Ωp admitting an H-homotopy right inverse Γ . Then ΩE has
the same H-type of ΩB × Ω F via μ ◦ (Γ × Ω i) if and only if φ  ∗, where μ is the loop multiplication in ΩE.
Another proposition also due to Ganea [7, Prop. 2.13] states that if F is a co-H-space, then Σφ  ∗ if and only if
H(ρ)  ∗, where ρ is the holonomy action of the corresponding ﬁbration. An inspection of Ganea’s proof will convince us
that the co-H-structure of F is not required in the suﬃciency, it is used only in the necessity, hence we have
Proposition 4.3. ([7, Prop. 2.13]) Let F i−→ E p−→ B be a ﬁbration with Ωp admitting an H-homotopy right inverse Γ . Then H(ρ)  ∗
implies Σφ  ∗.
5. Proof of Theorem A
Let λ : Y → ΩΣY be the natural embedding deﬁned by λ(x)(t) = 〈x, t〉. By virtue of the usual adjoint equivalence
ψ: [X,ΩΣY ]  [Σ X,ΣY ],
we have the following composite map
E : [X, Y ] λ#−−→ [X,ΩΣY ] ψ [Σ X,ΣY ].
On the other hand, the suspension functor Σ is compatible with the homotopy relation, hence the map f → Σ f induces
a correspondence
Σ# : [X, Y ] → [Σ X,ΣY ]
which is also called the suspension [20, p. 544].
Lemma 5.1. ([20, p. 544]) E = Σ# .
To prove Theorem A, we need the following desuspension lemma:
Lemma 5.2. If Y is an H-space, then for any f : X → Y , Σ f  ∗ implies f  ∗.
Proof. Since Y is an H-space, the natural embedding map λ : Y → ΩΣY has a homotopy left inverse (see [9, Chapter 17],
for example). Then λ# : [X, Y ] → [X,ΩΣY ] is a monomorphism. But ψ is an equivalence, and Σ# = E = ψ ◦ λ#, hence Σ#
is also a monomorphism. 
Now we are ready to prove Theorem A. First recall the statement
Theorem 5.3. Let F i−→ E p−→ B be a ﬁbration. If Ωp has an H-homotopy right inverse Γ , and F has an H-structure ν such that
ρ  ν ◦ (1× ∂), then
μ ◦ (Γ × Ω i) :ΩB × Ω F → ΩE
is an H-splitting, where ρ is the holonomy action of this ﬁbration, ∂ :ΩB → F the connecting map, and μ is the loop multiplication
in ΩE.
Proof. By Proposition 4.2, it is suﬃcient to prove φ  ∗. Since Ωp has a homotopy right inverse, applying Lemma 3.1 to the
ﬁbration sequence
· · · → ΩE Ωp−−→ ΩB ∂−→ F i−→ E
we know that i is a weak monomorphism. By Theorem B, i is a monomorphism, hence H(ρ)  ∗ from Proposition 4.1, and
Σφ  ∗ from Proposition 4.3. Since F is an H-space, we know from Lemma 5.2 that φ  ∗. This completes the proof of the
theorem. 
L. Liu / Topology and its Applications 156 (2009) 831–839 8376. Application to Moore–Postnikov factorization
Recall that a Moore–Postnikov factorization of a ﬁbration F i−→ X p−→ B consists of a sequence {p j, X j, f j} such that
(cf. [18, pp. 440–444], [20, pp. 443–447])
(I) for j  1, p j : X j → X j−1 is a ﬁbration, where X0 = B;
(II) for j  1, f j : X → X j is a map, and f0 = p, f j = p j+1 ◦ f j+1;
(III) ( f j)# :πq(X) → πq(X j) is an isomorphism for 1 q < j and an epimorphism for q = j (that is, f j is a j-equivalence),
(p1 ◦ · · · ◦ p j)# :πq(X j) → πq(B) is an isomorphism for q > j and a monomorphism for q = j;
(IV) if F j is the homotopy theoretic ﬁbre of p1 ◦ · · · ◦ p j : X j → B , then
πq(F j) =
{
πq(F ) q j,
0 q > j.
Lemma 6.1. Let F i−→ X p−→ B be a ﬁbration with (m− 1)-connected B and (n− 1)-connected F , nm 2. Suppose that {p j, X j, f j}
is a Moore–Postnikov factorization of p, and F j is the ﬁbre of p1 ◦ · · · ◦ p j with inclusion ι j : F j → X j . If Ωp admits an H-homotopy
right inverse Γ , then for j m + n − 2,
(i) ι j is a monomorphism;
(ii) μ ◦ [((Ω f j) ◦ Γ ) × Ωι j] :ΩB × Ω F j → Ω X j is an H-splitting.
Proof. Under the assumptions of the lemma, Meyer [14, 5.5] proved that for j  m + n − 2, p1 ◦ · · · ◦ p j : X j → B is an
H-ﬁbration in the sense of Meyer. Hence, as showed in Proposition 2.4, the ﬁbre F j of p1 ◦ · · · ◦ p j admits an H-structure ν
such that ρ  ν ◦ (1 × ∂) where ρ is the holonomy action of the ﬁbration p1 ◦ · · · ◦ p j : X j → B . On the other hand, the
conditions (I) and (II) of the Moore–Postnikov factorization imply p1 ◦ · · · ◦ p j ◦ f j = p for j  1, and the loop functor Ω is
covariant, it follows that
Ω(p1 ◦ · · · ◦ p j) ◦ Ω( f j) ◦ Γ = Ω(p) ◦ Γ  1
that is, Ω( f j) ◦ Γ is a homotopy right inverse of Ω(p1 ◦ · · · ◦ p j). Applying Lemma 3.1 to the ﬁbration sequence
· · · → Ω F j Ω(ι j)−−−−→ Ω X j Ω(p1◦···◦p j)−−−−−−−−→ ΩB ∂−→ F j ι j−→ X j
we know that ι j : F j → X j is a weak monomorphism for j m + n − 2, hence a monomorphism by Theorem B.
Since the functor Ω preserves homotopies and Γ is an H-map, it is easy to check that Ω( f j) ◦ Γ is also an H-map.
Then for j m + n − 2, the ﬁbration
F j
ι j−→ X j p1◦···◦p j−−−−−−→ B
satisﬁes all conditions of Theorem A. This completes the proof of the lemma. 
According to Milnor’s construction, the inﬁnite join EG of a topological group G is a principal G bundle over the base
space BG = EG/G . The spaces EG and BG are ﬁltered by subspaces
· · · ⊂ EmG ⊂ Em+1G ⊂ · · · ⊂ EG ,
· · · ⊂ BmG ⊂ Bm+1G ⊂ · · · ⊂ BG .
Let q : EG → BG be the projection and r˜m : EmG → EG , rm : BmG → BG the natural inclusions. Then q(EmG) = BmG . It is well
known that the triple EmG
q−→ BmG rm−−→ BG may be treated as a ﬁbration.
Lemma 6.2. (Selick [17, Theorem 2]) If m 2, then Ωrm admits an H-homotopy right inverse Γ .
Now we give a proof of Proposition C.
Proposition 6.3. Let {p j, X j, f j} be a Moore–Postnikov factorization of rm : BmG → BG (m  2). If G is (n − 1)-connected (n  1),
then for j m(n+ 1) + 2n − 1, there exist H-splittings
Ω X j  ΩBG × Ω F j  G × Ω F j .
Proof. Since G is (n − 1)-connected, G ∗ G is 2n-connected, and a simple induction shows that the (m + 1)-fold join
EmG = G∗(m+1) is [(m + 1)n + (m − 1)]-connected. The homotopy equivalence ΩBG  G implies that BG is n-connected.
Applying Lemmas 6.2 and 6.1 to the ﬁbration EmG
q−→ BmG rm−−→ BG , the proposition follows. 
838 L. Liu / Topology and its Applications 156 (2009) 831–839Example 6.4. Consider the case that G = S3 in Proposition 6.3, the detail of the ﬁbration EmG q−→ BmG rm−−→ BG is
S4m+3 q−→ HPm rm−−→ HP∞
where HPm , HP∞ are the quaternionic projective spaces. Let {p j, X j, f j} be a Moore–Postnikov factorization of the above
ﬁbration. Then Proposition 6.3 says that for j = 4m + 5, m 2, we may from the ﬁbration
F4m+5 i−→ X4m+5 p−→ HP∞ (3)
get an H-splitting
Ω X4m+5  ΩHP∞ × Ω F4m+5  S3 × Ω F4m+5. (4)
Remark 6.5. To the author’s knowledge, the previous results on deciding when a given ﬁbration is equivalent to an induced
ﬁbration are the works of Ganea [6] and Hoo [11]. It seems to the author that the results of Ganea [6] and Hoo [11] do
not imply that the ﬁbration (3) is induced, and so, Hilton’s Theorem 1.5 [8, Theorem 2.4] does not imply immediately
the H-splitting (4). Note that there is not any section of p in the ﬁbration (3), as showed in Example 6.6 below, hence
Theorem 1.4 of Kallel and Sjerve does not matter.
A main hypothesis of our results is that in a principal ﬁbration F i−→ E p−→ B , Ωp admits an H-homotopy right inverse.
The following two examples show that Ωp has an H-homotopy right inverse, but p itself might not admit a section.
Example 6.6. Consider the ﬁbration (3) in Example 6.4. Ωp has an H-homotopy right inverse, as proved in Lemmas 6.1, 6.2.
If p has a section, we will run into a contradiction. Indeed, we know from the condition (IV) of the Moore–Postnikov
factorization that
πq(F4m+5) =
{
πq(S4m+3) q 4m + 5,
0 q > 4m + 5.
Thus F4m+5 is (4m + 2)-connected, and H˜q(F4m+5) = 0 for q < 4m + 3, H4m+3(F4m+5)  Z by the Hurewicz theorem. On
the other hand, HP∞  BS3 is 3-connected. Then the Serre homology exact sequence (see [20, p. 365], for example) of the
ﬁbration (3) is
H4m+6(F4m+5) → H4m+6(X4m+5) → H4m+6
(
HP∞
) → ·· ·
→ Hq(F4m+5) i∗−→ Hq(X4m+5) p∗−−→ Hq
(
HP∞
) Δ∗−−→ Hq−1(F4m+4) → ·· · .
Since p∗s∗ is the identity, p∗ is a split epimorphism for q  4m + 6. By exactness of the above sequence, Δ∗ = 0 and i∗ is
a monomorphism, and therefore we get a family of split short exact sequence
0→ Hq(F4m+5) i∗−→ Hq(X4m+5) p∗−−→ Hq
(
HP∞
) → 0, q < 4m + 6.
In particular, H4m+3(X4m+5)  H4m+3(F4m+5) ⊕ H4m+3(HP∞). This is obvious to be false, since H4m+3(F4m+5)  Z, and
H4m+3(X4m+5)  H4m+3(HPm) = 0 by (4m + 5)-equivalence f4m+5 in (III) and the Whitehead theorem.
Example 6.7. (Hilton [8]) Let u2 ∈ H2(K (Z,2),Z), v6 ∈ H6(K (Z,6),Z) be the fundamental classes and f : K (Z,2) → K (Z,6)
be determined by f ∗(v6) = (u2)3. Consider the ﬁbration sequence
K (Z,5) i−→ F p−→ K (Z,2) f−→ K (Z,6).
The left triple is induced by f from the path-space ﬁbration over K (Z,6). The Puppe sequence of the right triple w.r.t.
K (Z,2) (cf. [20, 6.18∗ , p. 139]) is
[
K (Z,2), F
] p#−−→ [K (Z,2), K (Z,2)] f#−−→ [K (Z,2), K (Z,6)].
If the induced ﬁbration p has a section s, then
p#
([s]) = [p ◦ s] = [1K (Z,2)] ∈ Im(p#) = Ker( f#)
and therefore f  ∗. It is impossible, since f ∗(v6) = (u2)3.
On the other hand, it follows from f ∗(v6) = (u2)3 that f ∗(v6) is a P -class, i.e., f is a P -map [8, Cor. 2.15, Remark 2.16(c)],
that is to say that Ωp admits an H-homotopy right inverse, cf. [8, Def. 2.5], also see [7, Example 2.15].
Acknowledgement
The author thanks the referee for valuable suggestions of the ﬁrst version of the manuscript, which helped to improve
the text.
L. Liu / Topology and its Applications 156 (2009) 831–839 839References
[1] F.R. Cohen, Fibration and product decompositions in nonstable homotopy theory, in: I.M. James (Ed.), Handbook of Algebraic Topology, Elsevier, Ams-
terdam, 1995, pp. 1175–1208.
[2] B. Eckmann, P.J. Hilton, Operators and cooperators in homotopy theory, Math. Ann. 141 (1960) 1–21.
[3] Y. Felix, J.-M. Lemaire, On the mapping theorem for the Lusternik–Schnirelmann category, Topology 24 (1985) 41–43.
[4] T. Ganea, On monomorphisms in homotopy theory, Topology 6 (1967) 149–152.
[5] T. Ganea, On the loop spaces of projective spaces, J. Math. Mech. 16 (1967) 853–858.
[6] T. Ganea, Induced ﬁbrations and coﬁbrations, Trans. Amer. Math. Soc. 127 (1967) 442–459.
[7] T. Ganea, Monomorphisms and relative Whitehead products, Topology 10 (1971) 391–403.
[8] P.J. Hilton, Nilpotency and H-spaces, Topology 2 (Suppl.) (1965) 161–176.
[9] P.J. Hilton, Homotopy Theory and Duality, Gordon and Breach, New York, 1965.
[10] P.J. Hilton, J. Roitberg, Relative epimorphisms and monomorphisms in homotopy theory, Compos. Math. 61 (1987) 353–367.
[11] C.S. Hoo, Principal ﬁbrations, Paciﬁc J. Math. 67 (1976) 389–400.
[12] B. Jessup, Holonomy-nilpotent ﬁbrations and rational Lusternik–Schnirelmann category, Topology 34 (1995) 759–770.
[13] S. Kallel, D. Sjerve, On the topology of ﬁbrations with section and free loop spaces, Proc. London Math. Soc. (3) 83 (2001) 419–442.
[14] J.P. Meyer, Principal ﬁbrations, Trans. Amer. Math. Soc. 107 (1963) 177–185.
[15] R.A. Nowlan, An actions on ﬁbre spaces, Indiana Univ. Math. J. 21 (1971) 285–313.
[16] G.J. Porter, H-ﬁbrations, Quart. J. Math. Oxford 22 (1971) 23–31.
[17] P.S. Selick, Odd primary torsion in πk(S3), Topology 17 (1978) 407–412.
[18] E.H. Spanier, Algebraic Topology, Springer-Verlag, Berlin, New York, 1966.
[19] J.D. Stasheff, On homotopy Abelian H-spaces, Proc. Cambridge Philos. Soc. 57 (1961) 734–745.
[20] G.W. Whitehead, Elements of Homotopy Theory, Springer-Verlag, Berlin, New York, 1978.
